


THE PERFECT NUMBERS AND PASCAL'S TRIANGLE

by Robert Antol
Towa Stafe Undveaddty

The fundamental theorem of arithmetlc states that every positive
integer can be represented uniguely a= the prodiuct of prime factors, An
integer # > 1 shall accerdingly ba written

no= p'?ip';": _E:P {1}
vhere the p,'=s are the diatinet prime factors and oy is the sultiplleicy
of pilthe number of times p: occurs in the prime factorization),

A positive integer [s called a perfest mumber if it is egual to the
sum of all its positive divisors other than itself. The sum of divisors
of & number n with the prime factorizatieon (1) is
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The condition for a perfect number may then he given by n = a(®) - n or
equivalently, airn) = In.
Euclid argusd that if oF oata prima far p > 1, then
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is a perfect number. Euler showed later that all even perfect numbers
must be of this type {see [4]). The number 2F - 1 ia known as a
Meragnng prime and s dencted by HF' as In [2]. AllL perfect tumbers
kncen are even and the question of whether there [s an odd perfedt
number iz still unanswersd. There is no evidence to prove or disprove
the existence of an odd perfact number but If one doss sxist, It must be
greater than 10090 [17,

For any positive integer m and any Integer & satisfying 0 = k = m,
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the binomlal coefficient (y) is defined by
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Use will now be made of the configuration known as Puseal's triangle in
which the bincmial coefficient 1’.:.'! appears as the [k + 1)st pumber in
the (m + 1)at row, as in [5].
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FIGURE 1

The borders of the triangle are composed of ones; a number Rot on the
border is the sum of the two mumbers nesrest it In the row above.

A1l sven perfect nusbers can be shown to lie on the third diagonal
of Pascal's trisngle {see Figure 1). The resrriction for m in that
it Bust be egual to & Mersenne prime plus onej That 'Inn'rtﬂp+ 1.
Setting k equal to 2 {slnce the third diagonal of Fascal's trisngle is
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which is an even perfect numbes by (3) asbove.
Aa in [5], we now nots that sach number in Pascsl's triangle 1s the
sum of the numbars in the praceeding diagonal (ses Figure Z):

. - « F W)= B,
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We have seen that all even perfect numbers are on the third diagomal
of Pascal's triangls. Hence, the sscond Alsgsonal weuld gensrate Tthe
parfect nunbers. That is, every even perfect nusher is the sum of the
first 2F - 1 = HP mumbars

B = ; Pt {5)
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We now obeerve that the elementa of tha third diasgonsl are the
trimngular nutibers and every aven parfect number is triangalarn in

ghapa [2]. ({3ee Figure 3.)
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FIGURE 3

Acoording ©8 Burton [1] there are 24 even perfect numbers Enown to
date (1976}, The first 5 and their sssociated Mersanne primes are given
in Tables 1 on the next pagas

Wa now hawe several diffarent ways of computing perfect numbers.

We must first cospute Mersenne primes Mp. Knowing the Mersemne primes,
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TABLE 1
B M P=u(F)
2 3 &
3 7 28
5 a1 ugg
7 127 8,128
13 B, 191 33,550,336

e
{a) compute P = lel:i’p_i]l. using Fuelid
{b) compute P = {, summlng up the
=1
(e} withms= HF # 1 and k = 2, computs
igs from (¢) that wa mote all even nunbers

Pascal's miangls,
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